We study the effects of disorder on the topological Chern insulating phase in the HarperHofstadter-Hatsugai (HHH) model. The model with half flux has a bulk band gap and thus exhibits a nontrivial topological phase. We consider two typical types of disorder: on-site random disorder and the Aubry-Andre type quasi-periodic potential. Using the coupling matrix method, we clarify the global topological phase diagram in terms of the Chern number. The disorder modifies the gap closing behavior of the system. This modification induces the Chern insulating phase even in the trivial phase parameter regime of the system in the clean limit. Moreover, we consider an interacting Rice-Mele model with disorder, which can be obtained by dimensional reduction of the HHH model. Moderately strong disorder leads to an increase in revival events of the Chern insulator at a specific parameter point.
I. INTRODUCTION
How does disorder change the topological properties of a system? This question has long been discussed and investigated. Nontrivial topological phases such as the Chern insulator (CI) phase are generally said to be robust against weak disorder, because weak disorder cannot close the topological bulk band gap of the system. However, in systems with strong disorder, even if the symmetry of the topological model is not broken, the topological bulk band gap is closed. That is, the topological phase is maintained up to strong disorder. This topological robustness against disorder was first discussed by Thouless and colleagues [1, 2] . They suggested qualitatively that disorder and weak perturbation do not change the topological invariant number, i.e., the Chern number [3] , as long as they does not close the bulk band gap; thus, the topological state is robust against them. However, quantitative study of the robustness of various concrete topological models has not been completed.
Counterintuitive behavior in some topological models was recently reported. Specifically, the topological phase may be induced by disorder. For example, in a threedimensional topological insulator model, an interesting topological phenomenon induced by disorder, the topological Anderson insulator (TAI), has been theoretically suggested and numerically simulated [4] [5] [6] [7] [8] [9] . In addition, in some typical two-dimensional (2D) topological models, both robustness and disorder-induced topological phenomena have been investigated [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Furthermore, very recently the Su-Schrieffer-Heeger model [20, 21] was realized in an atomic quantum simulator [22] . A momentum space lattice of cold atoms was designed to simulate the model, and the disorder-induced topological phase characterized by the Zak phase [23] was observed. Motivated by this recent experimental success, in this study, we investigate the effects of disorder on the CI phase by considering the Harper-Hofstadter-Hatsugai (HHH) model [24] [25] [26] as a concrete 2D topological model. The effects of disorder on this 2D topological model have not yet been discussed and estimated quantitatively. A complete understanding of the effects of disorder in the CI phase remains elusive. If we apply dimensional reduction [27] , the HHH model is also important as an ancestral model of topological charge pumping [28] , i.e., the Rice-Mele (RM) model [29] . Recently, there are some theoretical studies of effects of disorder in the RM model [30, 31] . Accordingly, studying the effect of disorder on the CI phase in the HHH model is expected to afford important insight into the effect of disorder on topological charge pumping in the RM model. This paper is organized as follows: we first describe our target model in Sec. II. In Sec. III, we briefly summarize a method of calculating the Chern number of a disordered system. In Sec. IV, we clarify the global phase diagram and the robustness of the CI phase to disorder, and we study the enlargement of the CI phase. Then we discuss the disorder-induced CI phase by calculating the density of states (DOS) in Sec. V. Further, in Sec. VI, we study the RM model associated with the HHH model. In particular, we study the effects of disorder on the CI phase in a bosonic interacting version of the RM model. Note that recent experimental realization of the RM model [32, 33] motivates us to investigate the effects of disorder on the topological phase of the model. Very recently, the bosonic RM model has been considered in some papers [34] [35] [36] [37] . In this study, we consider phenomena outside of the conventional topological charge pumping trajectory. The observed tendency is the same as that in the non-interacting HHH model. We find that revival of the CI phase occurs with increasing strength of the random potential. Finally, Sec. VII presents a discussion and conclusion.
II. MODEL
The HHH model [24] is given by the following Hamiltonian:
where (m, n) is a lattice site on a 2D square lattice, β is the flux per unit cell, andĉ † m,n (ĉ m,n ) is a fermionic creation (annihilation) operator at site (m, n). Further, n n,m = c † n,m c n,m is a number operator, and t a , t b , and t c are the x−-direction, y−-direction, and diagonal hopping amplitudes, respectively. The hopping terms are shown in Fig. 1 . The ∆ 0 term on the last line of Eq. (1) is a staggered potential that acts as a bulk-gap-controlling term. The model belongs to the AIII class in the topological classification scheme [38, 39] . For ∆ 0 = 0 and t c = 0, the HHH model is known to have a nontrivial topological band structure corresponding to that of the HarperHofstadter model [24, 40] . While the Harper-Hofstadter model with β = 1/2 has no bulk band gap, the HHH model with β = 1/2 and t c = 0 has a bulk band gap, and the band is topological. If the system is half-filled, the HHH model exhibits the CI phase. Further, this bulk band gap is controlled by varying the value of ∆ 0 . For ∆ 0 = 2, the bulk band gap is closed; then a topological phase transition occurs, and the system enters the trivial phase [25, 26] .
We consider two diagonal types of disorder. The first is represented by the on-site random potential,
where the random potential has a uniformly random distribution with a strength W 0 that is defined as µ m,n ∈ [−W 0 , W 0 ]. The second is represented by an AubryAndre quasi-periodic potential defined on a 2D lattice,
where V d is the potential amplitude, and γ is set to the golden ratio, ( √ 5 − 1)/2. We introduce a phase shift parameter φ, which is convenient for suppressing the effect of boundary. We set β = 1/2 and t a = t b = t c = 1, and we consider the half-filled case in the following study.
III. CHERN NUMBER FROM A REAL-SPACE HAMILTONIAN
We estimate the effects of disorder on the nontrivial topological phase in the HHH model. Disorder breaks the system's translational symmetry, so bulk momentum representation cannot be employed. Thus, it is difficult to define and calculate the Chern number because its formula is calculated using the system wave function represented by momentum bases [3] . However, Niu and Thouless proposed another formula for the Chern number [1, 2] , which is valid even in disordered systems. They introduced twisted boundary phase parameters under a periodic boundary condition, regarded these parameters as the quasi-momentum, and formulated the Chern number in terms of the parameters. By using this formulation, the Chern number can be defined even for systems that include disorder. However, to date it has generally been difficult to perform practical calculation of concrete lattice models in two spatial dimensions. On the basis of the work of Niu and Thouless, some recent papers [17, 41, 42] have suggested the real-space version of the Chern number or the Berry phase; by using these proposed versions, some simple disordered topological models have been studied [17, 26, 41] . As a simpler method, the coupling matrix method was recently proposed in [12] . Although the method cannot extract local properties of the Chern number in a real space, called the local Chern marker [41] , it can extract the Niu and Thouless formula for the Chern number [1, 2] correctly.
In this paper, we employ the coupling matrix method. Before proceeding, it is worth summarizing the coupling matrix method of practical numerical calculation in detail.
The coupling matrix method is based on the Niu and Thouless formula [1, 2] . The Chern number can be defined in terms of two twisted boundary phases,
where |Ψ(θ) is the many-body wave function of the system, θ = (θ x , θ y ) is the twisted boundary phase, and θ x , θ y ∈ [0, 2π). These phases are introduced using a twisted phase boundary condition for a singleparticle wave function on a real-space lattice ψ(r x , r y ) as ψ(r x + L x , r y ) = e iθx ψ(r x , r y ) and ψ(r x , r y + L y ) = e iθy ψ(r x , r y ), where r = (r x , r y ) is a unit cell lattice site, as shown in Fig. 1 , and L x(y) is a piece length in the x (y) direction scaled by the lattice spacing. T 2 means a torus parameter space for θ. By applying the Stokes theorem to Eq. (4), C N can be transformed into a line integral form. Then we consider discretizing T 2 space (θ → θ ℓ ) for numerical convenience later. The area integral of Eq. (4) can be represented as
∂T 2 is the boundary of the rectangular regime defined by θ space. The right hand side is gauge-invariant, so we do not need to consider the gauge dependence of the wave functions obtained numerically [43] .
Then, for non-interacting systems, the many-body wave function is given using single-particle states,
where |ψ α θ ℓ is the α-th single-particle state with a twisted phase boundary condition θ ℓ , α = 1, · · · , N F . N F is the maximum number of occupied states, which is determined by the Fermi energy.
By using the Slater determinant form of Eq. (6), Ψ(θ ℓ )|Ψ(θ ℓ+1 ) in Eq. (5) is written as
where
A(ℓ, ℓ + 1) is called the coupling matrix [12] . By substituting Eq. (7) into Eq. (5), C N is given as
Consequently, to obtain C N , the coupling matrix A(ℓ, ℓ+ 1) needs to be calculated appropriately. It is known that the elements of A(ℓ, ℓ + 1) can be obtained well only from single-particle spatial wave functions without twisted phase boundary conditions [12] , i.e., θ = 0. As shown in Ref. [1, 12] , when one introduces the nonzero twisted boundary phase, the realspace single-particle wave function is given in the following Fourier-transformed form:
where BZ represents the first Brillouin zone,
The above equation is surely satisfied under the twisted phase boundary conditions:
Here, by multiplying both sides of Eq. (10) with (θ x , θ y ) = 0 by e −iθ ℓ ·r , we obtain
Note that the LHS of the above equation can be regarded as r|ψ α θ ℓ [12] . Accordingly, we obtain the useful relation
From this relation, once we obtain the real-space wave function |ψ
without twisted boundary phases, all wave functions with different twisted boundary phases can be constructed. Therefore, we can directly obtain the elements of the coupling matrix A(ℓ, ℓ+1), ψ
, from the single-particle wave function without twisted boundary phases. We introduce the real-space-based singleparticle wave function as |ψ α θ ℓ = r c α,θ ℓ r,β |r, β , where β is a sublattice label at r, and c α,θ r,β is an expansion coefficient. By using Eq. (12), the elements of the matrix in Eq. (8) are then given as
Thus, we can obtain all the elements of the coupling matrix A(ℓ, ℓ + 1) from |ψ α 0 . We can easily obtain c α,0 r,β numerically by diagonalizing the real-space Hamiltonian. Thus, we can calculate each element of the coupling matrix A(ℓ, ℓ + 1), and the Chern number C N is obtained using Eq. (9). In the coupling matrix method, as long as we obtain the real-space single-particle wave function even in a system without translational invariance, we can obtain C N using Eq. (9).
IV. DISORDER PHASE DIAGRAM OF THE HHH MODEL
In this section, we calculate the global topological phase diagrams for the two disorder potentials, V I d and V II d . We apply a periodic boundary condition to the system. In particular, we focus on how the disorder potentials modify the phase boundary between the trivial (C N = 0) and nontrivial topological CI phase (C N = 1) in the HHH model. These phases are identified by the Chern number C N . Qualitatively, for weak disorder the CI phase expects to be stable because a large bulk gap protects the CI phase. Large enough disorder works to close the bulk band gap, and leads the disappearance of the CI phase. On the other hand, when disorder has a moderate strength where whether the bulk band gap is closed is subtle, non-trivial phenomena may appear in the behavior of the bulk band gap.
Using the coupling matrix method introduced in the previous section, we determined the ground-state phase diagram. Figure 2(a) shows the result for the V I d disorder case. The system size is (L x , L y ) = (20, 20) . This result indicates that the CI phase is robust up to W 0 ∼ 11 for small ∆ 0 , and we find that for moderately strong disorder, the regime of the CI phase characterized by C N ∼ 1 is enlarged because of the on-site random disorder; the phase boundary is clearly beyond that in the clean limit case ∆ 0 = 2, as indicated by the red line in Fig. 2(a) . This phase diagram shows that when we increase W 0 from zero at a certain value of ∆ 0 (which is slightly larger than ∆ 0 = 2), the system exhibits an interesting transition flow: trivial phase → CI phase → trivial phase.
Next, we consider the quasi-periodic potential case, V II d . Here, to suppress the boundary effect resulting from the fact that the quasi-periodic potential is discontinuous at the boundary, we average over φ, where φ is divided into 40 parts between 0 and 2π. The result is shown in Fig. 2(b) . The unit cell lattice size is (L x , L y ) = (20, 20) . As in the on-site random disorder case, V I d , the CI phase is robust against the quasi-periodic disorder up to V d ∼ 6 at ∆ 0 < 2. Interestingly, we find that even with the quasi-periodic disorder, the regime of the CI phase is enlarged beyond ∆ 0 > 2 at moderate values of V d . Therefore, the HHH model exhibits the disorder-induced CI phase, which is defined in the ∆ 0 > 2 regime, for both on-site random disorder and quasi-periodic potential.
Furthermore, figure 3(a) shows the behavior of C N in detail for the quasi-periodic disorder and typical fixed ∆ 0 values. We capture a clear plateau with C N = 1 for ∆ 0 = 2.1 for moderately strong disorder. The result exhibits the clear transition flow: trivial phase → CI phase → trivial phase. This is a disorder-induced CI phase caused by the quasi-periodic disorder, i.e., the revival of the CI phase. For larger ∆ 0 , the plateau decreases, as shown in In addition, we calculate the bulk band gap near the phase boundary between the CI phase and the trivial phase at moderate values of V d for V II d with φ = 0. Here, the bulk band gap E gap is defined as the energy difference between the (L x L y /2)-th and (L x L y /2 + 1)-th eigenenergies in the real-space Hamiltonian of the HHH model. We plot the distribution of the bulk band gap E gap in Fig. 3(b) . The result indicates that E gap is small but finite in the disorder-induced CI regime. The transition from the disorder-induced CI phase to the trivial phase seems to originate from the conventional gap-closing behavior in typical topological phase transitions: gapful → gapless critical point → gapful as the parameter is varied. See the blue dashed line Fig. 3(b) . The gap closing tendency persists up to V d ∼ 5. For more detail, we also calculate the DOS in the next section.
To consolidate the global phase diagrams in Fig. 2 , we estimate the system size dependence of the coupling matrix method. We focus on the V II d disorder case. Figure 4(a) and (b) shows the system size dependence of C N for transitions from the conventional CI phase to the trivial phase and from the disorder-induced CI phase to the trivial phase. In both cases, the results indicate a weak system size dependence. Therefore, our calculation results are expected to be very close to those of the thermodynamic limit.
In addition, we comment that in Fig 4(a) and (b), there is a regime where a non-quantized value of C N appears. The regime may originates from a consequence of an emergent spatial inhomogeneity of the system. Actually, the calculation of the Chern number in a similar situation has been performed using the local Chern marker [19] , where the spatial dependence of the local Chern number is shown clearly. In appendix, we show for a typical parameter point, sample-to-sample distribution of C N obtained from the coupling matrix method.
V. DENSITY OF STATES
To further confirm the existence of the disorderinduced CI phase, the gap-closing behavior should be studied in detail. The DOS [44] provides clues as to how the bulk band gap closes and also the localization properties. The DOS is defined as follows:
Here, E i and N D are the i-th energy eigenvalue and the Hilbert space dimension, respectively. Practically, we calculate ρ(E i ) by setting a small but finite energy window ∆E, in which E i is centered. We consider the quasi-periodic potential V II d of Eq. (3) with φ = 0 and calculate the DOS around the band center (E i ∼ 0) at typical parameter points in the phase diagram in Fig. 2(b) . Figure 5 shows the DOS for a system size of (L x , L y ) = (62, 124). clearly has a large bulk band gap. For the trivial phase point, (∆ 0 , V d ) = (2.1, 8), ρ(E i ) is finite even around E i = 0. This indicates that for strong disorder, the trivial phase has no bulk band gap, and the system tends to have metallic properties. For the disorder-induced CI point, (∆ 0 , V d ) = (2.1, 4), ρ(E i ) is zero in a small region around E i = 0. That is, this result indicates that a small bulk band gap has survived. By combining this result and the result of direct bulk band gap calculation in Fig. 3(b) , we can conclude that the disorder keeps the bulk band gap open even though the parameter ∆ 0 exceeds the value of the CI phase transition point in the clean limit. We expect that this mechanism for the emergence of the disorder-induced CI is somewhat different from that of the TAI [4, 5, 7] . The TAI is believed to arise from a mobility gap [7, 20] at which the bulk band gap vanishes; thus, ρ(E i ) is finite even around E i = 0 [7] .
In addition, before closing this section, we should note that the data at (∆ 0 , V d ) = (2.1, 4) exhibit sharp peaks at E i ∼ ±1. This indicates the presence of a mobility edge. Similar behavior has been reported in another model [13] . Therefore, in the disorder-induced CI phase, the system spectrum also includes weak localization features. This result is reminiscent of the result in Ref. [17] .
VI. POSSIBILITY OF DISORDER-INDUCED CI IN A ONE-DIMENSIONAL REDUCED MODEL
In the previous sections, we focused on the noninteracting HHH model and found the disorder-induced CI phase. In this section, we study whether such a phase also exists in an interacting topological system. It is generally difficult to numerically simulate the 2D HHH model including interactions. Thus, we consider a onedimensional (1D) model obtained by considering a dimensional reduction of the HHH model. The 1D model can be derived using the dimensional reduction technique [27] . A 2D model H 2D is reduced to a 1D model H 1D (ρ) with an adiabatic parameter ρ:
We apply the above formula to the HHH model in Eq. (1). We then assume a bosonic system with an on-site interaction and add an on-site random disorder. The resulting 1D model is given by
This is a bosonic interacting RM model, where m is a 1D lattice site, b † m (b m ) is a bosonic creation (annihilation) operator at site m, U is the on-site interaction, W i is a uniformly distributed random potential with a strength W 0 that is defined as W m ∈ [−W 0 /2, W 0 /2]. Further, the parameters J m (ρ) and ∆ m (ρ) are given by
The y-direction hopping and on-site staggered potential in the HHH model are transformed into a modulated onsite potential in the 1D model, and the NNN hopping is transformed into a modulated part of the hopping in the 1D model. The bosonic RM model has already been realized in cold atom experiments [32, 33] . The ∆ 0 term in Eq. (18) can be implemented as an additional staggered lattice potential in real experimental systems. In real experiments, the Chern number C N in the RM model can be extracted as the shift of the Wannier center in the optical lattice.
To detect the disorder-induced CI phase as shown in the previous sections, we consider a half-filled system (boson particle density 1/2) and periodic boundary condition, and we employ exact diagonalization [45] [46] [47] . To identify the topological phase, we use the Chern number [48] parameterized by ρ and the twisted boundary phase α [49, 50] .
First, for comparison, we calculate the fermionic HHH model in Eq. (1) with only an x-site-dependent on-site random disorder, which is written as
By applying dimensional reduction to Eq. (15), the model can also be mapped onto the non-interacting RM model with random on-site disorder in one spatial dimension. Figure 6(a) shows the ∆ 0 dependence of the Chern number for typical moderately strong disorder. Here, the topological phase transition becomes somewhat crossover-like in a region centered on the clean limit transition point ∆ 0 = 2. Even at ∆ 0 > 2, the averaged value of C N obtained from different disorder samples is finite to some extent; this indicates that the CI phase characterized by C N = 1 is often generated depending on the disorder sample. Let us turn to the exact diagonalization results for the interacting bosonic RM model, which are shown in Fig. 6(b) and (c) . Here, we set ∆ 0 = 2.1 and vary the disorder strength W 0 . For interaction strengths of U = 10 and 50, the average values of C N are fairly large (∼ 0.4) for moderately strong disorder, and the behavior seems independent of the system size and interaction strength U . We expect that the increase tendency of the value of C N in a moderately strong disorder regime indicates the presence of the disorder-induced CI state. As in the non-interacting fermion case in Fig. 6(a) , the interacting bosonic RM model also exhibits revival of the CI state. In addition, as mentioned at the end of Sec. IV, in appendix, we show, for a typical case in Fig. 6(b) , sample-to-sample distribution of C N , exhibiting a non-quatized value of C N on average.
VII. DISCUSSION AND CONCLUSION
In this study, we investigated the effect of disorder on the CI phase in the HHH model. Two types of disorder were considered: those represented by the on-site random potential and Aubry-Andre quasi-periodic potential. Global phase diagrams were calculated using the coupling matrix method. We found that in the HHH model, a disorder-induced CI phase appeared for both types of disorder. We calculated the bulk band gap and DOS. These calculation revealed that the disorderinduced CI has a small but finite bulk gap. This situation is somewhat different from that of the TAI, which originates in a mobility gap. Furthermore, we detected the disorder-induced CI phase in an interacting bosonic RM model associated with the HHH model by using dimensional reduction. There, we obtained results similar to those for the non-interacting fermionic HHH model; that is, even the interacting bosonic RM model exhibited revival of the CI state induced by random potential disorder at the level of the exact diagonalization calculation. This revival event may be tested in real experimental cold atom systems [32, 33] because bosonic atom experiments reach a very low-temperature regime and thus can highly suppress finite-temperature effects. Further, a random potential can be implemented by using a speckle laser [51, 52] . In addition, for the interacting bosonic RM model, a larger system size may be numerically accessible if greater computational resources are used. This would be an interesting problem for future work.
All the behavior found in this study may appear in the topological Haldane model, which has been realized in cold atom experiments [53, 54] . It may be interesting to see how the disorder-induced CI phase appears in this system. Further, it may be possible to treat the effects of disorder using the replica theory [55] , in which the onsite random disorder potential can be transformed into an effective interaction term composed of different replica fields. This interaction term may renormalize the mass term (which corresponds to the ∆ 0 term in the HHH model). As a result, it may lead to a phase boundary shift of the topological phase transition; i.e., it may generate the disorder-induced CI phase. 
APPENDIX: SAMPLE-TO-SAMPLE DISTRIBUTION OF THE CHERN NUMBER
In this appendix, we show a typical sample-sample distribution of C N when the value of C N takes a finite nonquantized value under moderately strong disorder. Figure 7 (A) indicates the sample-to-sample distribution of C N for V d = 5.75 and L = 20 in Fig. 4 (a) . Here, we took 100 disorder samples. Each values of C N almost take 0 or 1, not take fractional value. The C N = 1 case (CI phase) occurs more than the C N = 0 case. The average value is 0.609. In addition, figure 7 (B) indicates the sample-tosample distribution of C N for W 0 = 5.75 and L = 10 in Fig. 6 (b) . Here, we took 400 disorder samples. Same as the result in Fig. 7 (A) , each values of C N almost take 0 or 1 though there are some other values. The C N = 0 case (trivial phase) occurs more than the C N = 1 case. The average value is 0.401. Accordingly, both results in Fig. 7 indicate that when the value of C N takes a finite non-quantized value under moderately strong disorder, the system tends to exhibit the CI phase or the trivial phase depending on the sample. 
